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This lesson will serve as a preparation for the graphing in the next lesson. Here, we will work on ways

Limits at
Infinity

to identify asymptotes from the formula of a rational function. Rational functionsare quotients, with
a clear numerator and denominator.

Vertical asymptotes are easy to recognize, because they occurwhere the denominator is undefined. For

(3x+2)(x—l)h tical tx=-3andx=4
(x T 3)(x — a) as vertical asymptotes at x = —3 and x = 4.

Horizontal asymptotes take a bit more work to identify. The graph will flatten out like a horizontal line

example, f(x) =

if large values of x all have essentially the same y-value.

In this graph of y = f(x), for example, if x is bigger than 5, then y will be very close to y = 1 (see Fig-
ure 13.1). Thus, y = 1 is a horizontal asymptote. Similarly, if x is a large negative number, the corresponding
y-value will be close to zero. Thus, y = 0 is another horizontal asymptote. Horizontal asymptotes are related
to the limits as x gets really big. For f(x) given in the graph:

lim f{x) = 1 and xEr_nmf(x) =0
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, Asymptote Hint

Notice that the graph of y = f(x) crosses both asymptotes. Vertical asymptotes cannot bé'crosséd
because they are, by definition, not in the domain. Horizontal asymptotes can be crossed, as illustrated
in this example. Think of “asymptote” as meaning “flattens out like a straight line” and not “a line not to

be crossed.”
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Figure 13.1

These limits at infinity (and negative infinity) identify
what the ends of the graph do. For example, if
lim g(x) = 3, then the graph of y = g(x) will look
something like that in Figure 13.2. If xLixpw h(x) = oo,
then the graph of y = h(x) will look like that in Fig-
ure 13.3.

Notice that the infinite limits say only what hap-
pens way off to the left and to the right. Other calcu-
lations must be done to know what happens in the
middle of the graph.

The general trick to evaluating an infinite limit is
to focus on the most powerful part of the function.
Take lim 2x* — 100:% — 10x — 5,000, for example.

There are a lot of negative elements to this function.
However, the most powerful part is the positive 2x.
When x gets big enough, like when x = 1,000,000, then

2% — 100X — 10x — 5,000

2,000,000,000,000,000,000 —

100,000,000,000,000 — 10,000,000 — 5,000

1,999,899,999,989,995,000

This clearly rounds to 2,000,000,000,
000,000,000, which is the 2x. It is in this sense that




Rules for Infinite Limits

The rules for Infinite Limits of Ratlonal Functlons are as foIIows
= |f the numerator is more powerful, the limit goes to oo or —oco.
m |f the denomlnator is more powerful, the limit goes to 0.
= |f the numerator and denommator are evenly matched the llmlt is formed by the coefficients of

the most. powerful parts
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2% is called the most powerful part of the function.
As x gets big, 2« is the only part that counts.

lim 2’ ~ 100 — 10x — 5,000 = lim 2:° = oo
As x gets huge, x* is clearly even larger, and 2x is
twice that. Thus, as x goes to infinity, so does 2x’. Basi-
cally, the higher the exponent of x, the more powerful
it is. With that in mind, the rules for infinite limits of
rational functions are fairly simple:
= [f the numerator is more powerful, the limit goes
t0 00 or —00.
® If the denominator is more powerful, the limit
goes to 0.
= If the numerator and denominator are evenly
matched, the limit is formed by the coefficients of
the most powerful parts.
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ity,” because |nf|n|ty is not something that a real number* <can reach. So don’t Warig &
one number that is- brgger than:all the rest {(uhless: you' hjoy-that). Just kiiow that goin

toward infin-
‘pondering the: "
o.infinity” means

using really big numbers arid that “going to negatlve infi mty” fieans using really big: ﬁega’ave numbers.

Example

-
Evaluate }Lngo e + 2"

Solution
The most powerful part of the numerator is —»*,and
in the denominator is x°. Thus:

llmi— lim_—xz= lim -1 0
x—voof+3x+2 X—>00 x’ X—>00 X
This goes to zero because the numerator is clearly out-

classed by the more powerful denominator. Also, as x

gets really big, % gets really close to zero. For example,

= 1__1 _
when x = 1,000, then x 1,000 0.001.

Example
. 3% +2x—5
Evaluate xkrgoo T — 82
Solution
Here, the numerator and denominator are evenly
matched, with each having #* as its highest power

of x.
. 32 +2x—5 . 322
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The limit is formed by the coefficients of the
most powerful parts: 3 in the numerator and —8 in the

denominator.
Example
0 _
Evaluate lim M
X—00 1 — xz
Solution
Here,
lim 5510 — 4x° + 7 1mfsxlo
X—00 1 — xz X—00 —xz
= lim -5 = —o0
X=>00

As x goes to infinity, »* also gets really large, but the
negative in the —5 reverses this and makes —5x°
approach negative infinity.

> Practice

Evaluate the following infinite limits.

52 + 102 — 2

1. lim 8x* + 1

X—>00

4x° + 102 + 3x

2 hm e rex—1

5x+ 2
3. }—>n302x— 1
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M+ 32— 8x+ 4

2+2x+1

9. lim 5——

10. lim

LIMITS AT INFINITY
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Figure 13.4

The infinite limits of ¢* and In(x) can be seen
from their graphs in Figure 13.4.

limée = o0 lim ¢&€=0

X—00 X—>»—00

}i_l}goln(x) =0

In general, as x goes to infinity, €* is more pow-
erful than x raised to any number. The natural loga-
rithm, however, goes to infinity slower than just about
anything else. It may look as though y = In(x) is
beginning to level out into a horizontal asymptote, but
actually, it will eventually surpass any height as it
slowly goes up to infinity.

In more complicated situations, we use L'Hopi-
tal’s rule. This states that if the numerator and
denominator both go to infinity (positive or negative),
then the limit remains the same after taking the deriv-
ative of the top and the bottom.
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) L’Hopital’s Rule B

If the numerator and denominator both go to infinity (positive or negative), the limit remains the same after

taking the derivative of the top and bottom, OR:
fx) _ . &)

xllr:r!:]oog(x_) x-—loi '(x)

if Jim f(x)

+o00 and xll’ngwg(x) =

Example

In(x)
Evaluate lim 1=
Solution
Since J}1_)11010 In(x) =
can use UHopital’s Rule.
#(In(x))

T el

oo and lim1 — x= —o0, we
X=>00

In(x) H
lim

x—>ool - X

X 1
* = lim —~=0
X—»00 X

= lim —
Note: The little H over the equals sign indicates that
L’Hoépital’s Rule as been used at that point. Examples

like this demonstrate how In(x) goes to infinity even
slower than x does.

Example

¢
Evaluate lim 5= 5 15"

Solution
Here, l'gne‘=ooand li_{nf+2f+5x+2=oq
so we use UHopital’s Rule.

lim e
x0030 + 262 + 5x + 2

tim )
x=o0od(x? + 222 + 5x + 2)

Ilx

lim ——&
x>03x2 + 4x + 5

Notice that we don’t use the Quotient Rule, because we
take the derivative of the numerator and denominator
separately. Here, we need to use LHopital’s Rule sev-
eral more times:

lim—— 2 lim—%—
er§:;3,&+4,¢+5 x—006x + 4
H €6
= lim ——
X000 -




This example shows how ¢* is more powerful than
. If the denominator had an x'%, we’'d have to use
L'Hoépital’s Rule 100 times, but in the end, the ¢
would take everything to infinity.

Example

e
i -
Evaluate Jc_’llm_m P 7= 1

Solution

This is a trick question! The limit xErPoo € =0 isnot
infinite, so we can’t use UHépital’s Rule. The function
¢* is only powerful when x goes to positive infinity.
Instead, we use the old “plug in” method (or common
sense).

lim ¢ = 0 =
x>-00x’ + 7x — 1  something not zero

Example
. sin(x)
Evaluate lim .
X—00 xz
Solution

This has the same problem as the previous example.
No matter what x may be, sin(x) will always be
between —1 and 1. Thus, —1 =< sin(x) =< 1 and so

-1 sin(x) <1
P P P
.1 . —1
Because lim—= =0 and lim— =0, the
x—00 X x—00 X
. sin(x) |
function 2 s squeezed between them to zero as

sin(x)

well: }Lrgo = - 0. This is called the Squeeze Theo-

rqm( o)r the Sandwich Theorem because of the way
sin(x
2 is squished between something above it going

to zero and something below it going to zero.

LIMITS AT INFINITY

» Practice

Evaluate the following limits.

1. lim In(°)
1. x—ooln(x) + 5

x+5

lim ————
=e\/x -1

2+ 5x—10
4x + 2

12.

13. lim

X—> =00

. 3xX%+2
14. }l»no]ox — In(x)

15. lim 4 — 10x + 7
T x5-0015x + 422 — 2x + 1

4x + 6
. lim———
16 lim s+ 5

. 3x+7
17. im0

18. 1im <&

x=00 X

4 + 52 + 2

19, lim =20

X—00

42 + 52 + 2

20. lim -

X—>—00

> Sign Diagrams

In order to calculate the limits at vertical asymptotes,
it is necessary to know where the function is positive
and negative. The key to everything is this: A continu-
ous function cannot switch between positive and neg-
ative without being zero or undefined. Functions are




generally zero when the numerator is zero and unde-
fined where the denominator is zero. Mark these
points on a number line. Between these points, the
function must be entirely positive or negative. This can

be found by testing any point in each interval.

x—4
(x+2)(1-x°
This function is zero at x = 4 and undefined at both
x= —2 and x = 1. We mark these on a number line

For example, consider fx) =

(éee Figure 13.5).

In between x = —2 and x = 1, the function is
either always positive or always negative. To find out
which it is, we test a point between —2 and 1, such as

0. Because f{0) = ﬁ = —2 is negative, the func-

tion is always negative between —2 and 1. Similarly, we
check a point between 1 and 4,

f2) =

such as

1 .
, a point after 4, such as

4( 1)_2

5 - -1 , and a point before —2, such
( ) 28

These calculations can be

as f[—3)= — ( 4) 4 .
made very roughly, because it matters only if the func-
tion is positive or negative at the selected point. In any
case, the sign diagram for this function is shown in Fig-
ure 13.6.

This makes calculating the limits at the
vertical asymptotes very easy. Not only does

LIMITS AT INFINITY

flx) = (xTZi—iL-)_ have vertical asymptotes at
x = —2and x = 1, but the limits are:
x—4

ML Ny gy T g S

. x—4 _
x_l.“-nr(x F2)1-x

. x—4 _
meTn-n  ®

—4
= 00

lim, (x+ 2)(1 - x)

At the same time, we can calculate the limits at infinity:

. x— 4
I T 0 - 2

= lim x— 4

=0
T e —2 — x + 2

x—4
A Gr -9 0

Thus, f{x) has a horizontal asymptote of y = 0.
With all of this, we begin to get a picture of
—4
9= ¥ 20 =9
Figure 13.7.

, which can be seen in
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Figure 13.7

Notice that the horizontal asymptote y = 0 is
approached from above as x — —00, because f{x) is
always positive when x < —2. At the other end, the
asymptote is approached from below as x— oo
because the function is negative when x > 4.

We shall deal with graphing more thoroughly in
the next lesson.

» Practice

Name all the asymptotes, vertical and horizontal, of
the following functions. Also, make a sign diagram for

each.
21, flx) = 12
22, o(x) = ;:i




23, h(x) = (f = 31)2
2 K9 = 52

Evaluate the following limits.

x+2
x —

25. lim " —

LIMITS AT INFINITY

. x—3
. Jip 5

P |

21 A v 3y

+1
28. lim —— -~
8 2 — 4x + 3




